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Folding and unfolding simulations of three-dimensional lattice proteins were analyzed using a simplified
statistical mechanical model in which their amino acid sequences and native conformations were incorporated
explicitly. Using this statistical mechanical model, under the assumption that only interactions between amino
acid residues within a local structure in a native state are considered, the partition function of the system can
be calculated for a given native conformation without any adjustable parameter. The simulations were carried
out for two different native conformations, for each of which two foldable amino acid sequences were con-
sidered. The native and non-native contacts between amino acid residues occurring in the simulations were
examined in detail and compared with the results derived from the theoretical model. The equilibrium ther-
modynamic quantities �free energy, enthalpy, entropy, and the probability of each amino acid residue being in
the native state� at various temperatures obtained from the simulations and the theoretical model were also
examined in order to characterize the folding processes that depend on the native conformations and the amino
acid sequences. Finally, the free energy landscapes were discussed based on these analyses.
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I. INTRODUCTION

Currently, elucidating the general principle governing pro-
tein folding is one of the most important open problems in
modern biophysics. Recently, many papers have been pub-
lished, and significant progress has been made toward solv-
ing this problem �1–5�. However, no clear solution has been
found as yet.

In this paper, we focus on the following problems. First,
from a physical perspective, protein folding is a cooperative
phenomenon analogous to a first-order phase transition. The
two-state nature �native and denatured states� is one of the
characteristic features of protein folding to be discussed, al-
though some proteins have intermediate states between these
two states. The cooperativity of protein folding results from
specific interactions between amino acid residues. In fact,
some simulations considered only the interactions of the
amino acid residues that are in contact with each other in a
native conformation �referred to as native contact interaction
or NC interaction�, but they ignored non-NC interactions �in-
teractions of amino acid residues not in contact with each
other in the native conformation�, even if such amino acid
residues make contact during the simulation �Gō-type inter-
action �6��. However, non-NC interactions may possibly oc-
cur during the folding process and will affect folding in real
proteins. Although the intermediate states around the transi-
tion temperature are important for understanding the two-
state cooperativity �7,8�, it is still an open problem. Then, the
first question is the extent to which the non-NC interactions
occur and the manner in which they affect protein folding,
particularly around the transition temperature.

Second, Levinthal’s paradox �9� indicates that a protein
cannot fold spontaneously by randomly searching a confor-
mational space; therefore, some folding pathways should ex-
ist. The concept of a funnel-shaped energy landscape �10,11�
also states that an accessible area in the conformational space

is considerably restricted and is directed toward the native
conformation. The Gō model with the above-mentioned in-
teractions realizes the main concept of the funnel-shaped en-
ergy landscape �12�. Besides, it is another scheme that simu-
lates a restricted and directed conformational space in which
a protein folds in a stepwise manner along the polypeptide
chain. In this scheme, secondary structures such as �-helix,
�-strand, and turn are formed in the first stage; in the next
stage, they gradually grow through medium-range interac-
tions; finally, they are associated together into the native
structure by long-range interactions. However, the question
as to what happens in the intermediate stage of the folding
and/or unfolding in which several secondary structures coex-
ist without being packed into the native structure arises
again. The second question concerns the behavior of the sec-
ondary structures formed during an early stage of the folding
in an intermediate stage. More specifically, to what extent
they interact with each other and the manner in which the
protein in the medium and/or intermediate stage proceeds to
the final stage of folding.

In addition, in this paper, we also focus on the dependence
of protein folding on native conformation and an amino acid
sequence.

Since we are interested in protein folding as a statistical
mechanical phenomenon, we approach this problem using
two different methodologies: a Monte Carlo �MC� simulation
of a three-dimensional �3D� lattice protein and a theoretical
model for the folding of the lattice protein. We can under-
stand such a complex system as real protein only by clarify-
ing the essential aspects. The simulation and the theoretical
models for the lattice protein involve a drastic and essential
simplification of various aspects of the real proteins. Since
no all-atom simulation is yet capable of folding real proteins,
the lattice protein is a powerful tool for determining the basic
characteristics of the protein folding process. The simulation
and the theoretical models for the lattice protein serve as an
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excellent basis for approximating real proteins.
The lattice protein was first introduced by Gō and co-

workers �13,14� to reveal the mechanism of protein folding.
Their MC simulations of lattice proteins are characterized by
the Gō-type interactions described above. However, the
amino acid types were not considered. These types of inter-
actions not only ensure that the native structure has the low-
est energy state but also result in a cooperative structural
transition.

The Gō-type interactions were later modified to be more
realistic by introducing the amino acid types. Lau and Dill
�15� considered two types of amino acid residues, hydropho-
bic �H� and polar �P� residues, in 2D lattice proteins. Fur-
ther, Shakhnovich and co-workers �16–19� considered 20
types of amino acid residues. These studies considered both
NC and non-NC interactions that were assigned energy val-
ues depending on the amino acid types. In order to ensure
protein folding in a given native conformation, amino acid
sequences were carefully generated using the design method
developed by Shakhnovich and co-workers. They then car-
ried out the MC simulations and demonstrated that the lattice
protein can be folded into its native conformation, even if
both NC and non-NC interactions exist. They also showed
that due to the non-NC interactions, different amino acid
sequences that can be folded into the same native conforma-
tion undergo different structural transitions. On similar lines,
we carried out the MC simulation.

Another approach to the concerned problem is the formu-
lation of a simplified statistical mechanical model for protein
folding. The theoretical model not only allows the rapid cal-
culation of thermodynamic quantities of a given system, but
also enables the analysis of the essential features of the fold-
ing problem. Wako and Saitô �20,21� first proposed a simpli-
fied statistical mechanical model �referred to as island
model� for protein folding. This model is characterized by
the formulation of a partition function that can explicitly take
into account the specific native conformation and incorporate
long-range interactions between amino acid residues. Subse-
quently, Gō and Abe �22� reproposed an improved and ex-
tended version of this model based on the molecular details.
Further, they reformulated the partition function as a nonin-
teracting local structure model �NILS model� in the form of
a recurrent equation rather than the matrix form used by
Wako and Saitô.

Abe and Gō �23� showed that the above-mentioned sim-
plified statistical mechanical model can reproduce the com-
puter simulation of 2D square-lattice proteins with Gō-type
interactions remarkably well. Recently, Eaton and co-
workers �24–26� applied the same model to the formation of
a � hairpin and to the folding rates in real proteins. Brus-
colini and Pelizzola �27� rediscovered a transfer matrix for-
malism to precisely evaluate the partition function and cal-
culated several thermodynamic quantities for the given
proteins under the above-mentioned assumption. Itoh and
Sasai �28� developed further studies by analyzing the confor-
mational dynamics related to the function of photoactive yel-
low protein.

However, in the simplified statistical mechanical model, it
is generally difficult to estimate chain entropy with an ex-
cluded volume effect. Therefore, chain entropy is usually

treated as an adjustable parameter so that the calculated ther-
modynamic quantities may best reproduce the experimental
or simulation results. Fortunately, for the 3D lattice protein
discussed in this study, chain entropy can be evaluated in a
practical manner. In fact, we can count possible conforma-
tions for a small-sized segment by explicitly considering the
excluded volume effect, and then extrapolate the approxi-
mated formula from the conformations for a larger-sized seg-
ment �29�. Consequently, we obtained the partition function
by summing up the statistical weights of the local structures
and the random-coil regions over all possible conformations
without any adjustable parameter. Hereafter, we refer to this
version of the simplified statistical mechanical model for the
3D cubic lattice protein as the Abe-Wako model �or the
A-W model�.

The main purpose of this paper is to examine in detail the
NC and non-NC interactions and the interactions between
secondary structures �redefined as local structures below� at
various folding stages in the simulations in comparison with
the results obtained from the A-W model. The equilibrium
thermodynamic quantities �free energy, enthalpy, entropy,
and the probability of each amino acid residue being in the
native state� are calculated at various temperatures for the
two native conformations and the two amino acid sequences
for each of the two native conformations �as a result four
amino acid sequences are examined� in order to reveal the
dependence of folding on the native conformation and the
amino acid sequence. The detailed comparisons of the simu-
lation data with the A-W model will provide useful informa-
tion for understanding the basic aspects of protein folding.

II. METHODS

A. Lattice proteins

We consider the conformation of protein molecules con-
sisting of n monomers, each of which is regarded as an
amino acid residue on a 3D cubic lattice. The two monomers
that occupy the nearest-neighbor lattice points, but are not
covalently bonded along the polypeptide chain, are consid-
ered to interact with each other in a conformation. Thus, the
total energy of a conformation E is given as follows:

E = �
1�i�j�n

U��i,� j��ij , �1�

where �ij =1 if monomers i and j are lattice neighbors and
�ij =0 otherwise. Now, �i defines the type of amino acid
residue in position i, and U��i ,� j� is the magnitude of the
contact interaction energy between the amino acid residues
of types �i and � j. For U��i ,� j�, in accordance with Shakh-
novich and co-workers �18,19�, we used the values deter-
mined from the statistical distributions of contacts in real
proteins by Miyazawa and Jernigan, as reported in Table 6 of
Ref. �30�. Furthermore, the same energy parameter set was
used in the A-W model.

We examined four proteins referred to as a1, a2, b1, and
b2. The number of amino acid residues n is 36 for proteins
a1 and a2 and 48 for proteins b1 and b2. Their amino acid
sequences are given as follows:
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�a1�: NKTVVGEPWHCLLFPRRDKNQMSYLTGIAGEDSAAI;

�a2�: SQKWLERGATRIADGDLPVNGTYFSCKIMENVHPLA;

�b1�: TSKRQQPYPMSLGSPFIRIPMIGPRPRMRLLILLMGYPKRGRSGGGLF;

�b2�: TEKGEEGYGGAAWTGPTSYKMAIYVWTTMWIYWAWAEAKKYGAYWAYM.

The amino acid sequences of a1,a2 and b1,b2 were de-
signed to be folded into each native conformation as shown
in Fig. 1�a� �18� and Fig. 1�b� �19�, respectively, by Shakh-
novich and co-workers. The native conformation of a1 and
a2 is composed of two well-defined domains 1-12 and 13-36.
The hairpin-type antiparallel � sheets of residues 1-12,
10-15, and 29-34 are characteristic. On the other hand, the

native conformation of b1 and b2 is more complicated than
a1 and a2, and their domains cannot be clearly defined.
There are three extended strands 8-11, 29-32, and 43-46 that
do not form a � sheet. The turns in b1 and b2 are greater
than those in a1 and a2 �10 and 6, respectively�. Therefore, it
is expected that the folding of b1 and b2 is more complicated
than that of a1 and a2.

FIG. 1. Two native conformations of 3D cubic lattice proteins �top� and their contact maps �bottom�. Two foldable amino acid sequences
were designed for each conformation by Shakhnovich and co-workers. Proteins a1 and a2 �18� are folded into conformation �a� and b1 and
b2 �19� into �b� �see text for their amino acid sequences�. In the contact maps, the amino acid residue pairs in contact in the native
conformations are indicated by an open circle. The total number of contacts �Ntotal� in these native conformations is 40 for proteins a1 and
a2 and 57 for proteins b1 and b2.
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We carried out the folding and unfolding simulations of
these lattice proteins by using the MC method of Metropolis
et al. �31�. Excluding very low temperatures, the simulations
began from a fully extended conformation at various tem-
peratures. At very low temperatures, we used the native con-
formation as the starting conformation because random con-
formations were easily trapped in the local minima from
which it is difficult to escape in the simulations. We calcu-
lated various equilibrium thermodynamic quantities for fold-
ing and unfolding from the simulation records of 108 MC
steps �107 MC steps for very low temperatures� �29�.

B. Thermodynamic quantities characterizing folding

Several quantities that characterize protein folding are de-
fined in this study. Since there is no difference between con-
formational energy and enthalpy, we simply regard energy as
enthalpy. The first characteristic is the degree of folding
�h

sim�T� in the simulation at a temperature T. This degree of
folding is defined as the normalized average enthalpy as fol-
lows:

�h
sim�T� = �Eh��T�/Enative, �2�

where Eh is the enthalpy, �¯� indicates the average over all
conformations generated in the simulation, and Enative is the
enthalpy of the native conformation. Further, �h

sim�T�=1 for
the native conformation and �h

sim�T�=0 for the fully extended
conformation.

The second characteristic is the fraction of the number Nc
of both NCs and non-NCs, C= �Nc� /Ntotal. The third charac-
teristic is the fraction of the number Nnative of NCs, Q
= �Nnative� /Ntotal, which are also averaged over all the confor-
mations generated in the simulation at a given temperature T
and normalized by the number of contacts in the native con-
formation Ntotal. Accordingly, Nc−Nnative gives the number of
non-NCs. In this study, Ntotal=40 for proteins a1 and a2 and
Ntotal=57 for proteins b1 and b2 �see Fig. 1�.

The fourth characteristic is the fraction of the number nres
of amino acid residues in the native state, �=nres / �n−3�.
Since each amino acid residue is only a monomer unit in the
3D lattice protein, we consider an amino acid residue i �i
=2, . . . ,n−2� to be in the native state if four continuous
amino acid residues �i−1� to �i+2� form the same local con-
formation as in the native conformation, i.e., a local structure
as defined below. Otherwise, the residue is considered to be
in the random-coil state. Accordingly, the normalizing factor
is n−3 rather than n. The characteristics C, Q, and � are
regarded as progress variables for the protein folding reac-
tion �2�.

In addition, the probability pi of an amino acid residue i
being in the native state, enthalpy H���, entropy S���, free
energy F��� for a given � value, and the free energy surfaces
F�Q ,C� for given �Q ,C� values are also useful characteris-
tics for describing the protein folding.

C. Simplified statistical mechanical model for protein folding

In order to reveal the protein folding mechanism, it is
convenient to use the simplified statistical mechanical model

�the A-W model�. Since the detailed description and formu-
lation of the model are given elsewhere �29�, we have sum-
marized only the characteristic features of the model in this
study �also see Fig. 2�.

�1� Each amino acid residue is assumed to be in either of
the two states, namely, native and random-coil states.

�2� Protein conformation at any stage of the folding pro-
cess is represented by a sequence of two types of regions of
various sizes, namely, a local structure and a random-coil
region, arranged alternately along the chain. The local struc-
ture and the random-coil region are defined as continuous
regions in which all amino acid residues are in the native
state and the random-coil state, respectively.

�3� The key assumption of the model is that the interac-
tion energy between two amino acid residues that are lattice
neighbors is considered only when they are within the same
local structure. The interaction energies for other amino acid
residue contacts such as those between amino acid residues
in different local structures and those between amino acid
residues in random-coil regions are considered to be negli-
gible. For example, in case of the conformation shown in
Fig. 2, only the interaction energy for contacts within the
same local structure �intra-N interactions� is taken into ac-
count while the other interactions �inter-N interactions� are
ignored in the A-W model.

�4� The chain entropy for the 3D lattice protein is evalu-
ated by explicitly counting possible conformations with the
excluded volume effect for a small-sized segment. Then, the
approximated formula for a segment of any size is extrapo-
lated from the results of small-sized segments �29�. Ulti-
mately, we can calculate the partition function without any
adjustable parameter.

In the A-W model, the partition function for the present
system can be finally represented as a function of tempera-
ture T by using a simple recurrent equation as follows �29�:

Z�T� = �
h

W�Eh�exp�− �Eh� , �3�

where W�Eh� is the number of conformations at a given en-
thalpy Eh. Therefore, kB ln W�Eh� is the entropy of a set of
conformations with enthalpy Eh. For �=1/kBT, we absorb
the Boltzmann constant kB into T, i.e., kB is set to unity
hereafter for convenience.

From the partition function, we can evaluate the probabil-
ity pi of an amino acid residue i in the native state. The
degree of folding �h

th�T� is defined as the normalized average
enthalpy as follows:

�h
th�T� = �Eh��T�/Enative,

�Eh��T� = �
h

EhW�Eh�exp�− Eh/T�/Z�T� . �4�

The partition function in the A-W model can also be re-
written as follows:
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FIG. 2. �Color online� Two snapshots of the conformations generated in the simulation of protein a1 illustrate the existence of several
local structures and various types of amino acid residue contacts. The local structures are the enclosed regions indicated by the dashed lines
in the molecular models, and the triangular regions in the triangle maps correspond to them. The others are the random-coil regions. Top: A
conformation with both native contact �NC� and non-native contact �non-NC� pairs. The NC pairs are classified into the following four
classes: �1� intra-N �the amino acid residue pairs 7-10 and 18-21�, �2� N-N �19-32�, �3� N-D �2-7�, and �4� D-D �no such pair found�. In this
case, the non-NC pairs are 16-23, 17-22, 21-26, and 22-25. In the A-W model, only the interaction energies for the intra-N are considered
while the other interactions are neglected. Bottom: A conformation only with intra-N �2-7, 3-6, 18-21, and 27-30 in this case�.
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Z�T� = �
�

z��,T� , �5�

where z�� ,T� is the sum of the statistical weights for all
states with a fraction � of the number of amino acid residues
in the native state at a temperature T. By using Eq. �5�, we
can obtain the enthalpy H���, entropy S���, and free energy
F��� as functions of � for the A-W model. The differences
between these thermodynamic quantities in the simulations
and the A-W model are discussed below.

D. Classification of contact energies

In order to analyze the records of the MC simulations, we
classify the total interaction energy E into the following two
types: ENC and Enon-NC for NC and non-NC, respectively
�i.e., E=ENC+Enon-NC; see Fig. 2, for example�. Furthermore,
ENC is divided into the following four types of energies:
	intra-N for amino acid residue pairs within the same local
structure �intra-N�, 	N-N for those in different local structures
�N-N�, 	N-D for one amino acid residue in the local structure
and another in the random-coil region �N-D�, and 	D-D for
the other cases, i.e., for those in the same or different
random-coil regions �D-D� �i.e., ENC=	int ra-N+	N-N+	N-D

+	D-D�. Further, 	N-N, 	N-D, and 	D-D are collectively referred
to as an inter-N interaction.

The same notation is used hereafter for representing vari-
ous contact types between amino acids, i.e., there are two
types of contacts: NC and non-NC. Further, NC is divided
into the intra-N and inter-N; inter-N comprises three types of
contacts, i.e., N-N, N-D, and D-D.

III. RESULTS

A. Folding transition and occurrence of non-NC interactions

In this section, the contributions of the NC and non-NC
interactions at various folding stages in the simulations are
examined in detail by comparing them with those in the
A-W model.

Figure 3 shows the equilibrium transition curves �h
sim�T�

and �h
th�T� for the four proteins a1, a2, b1, and b2. It should

be emphasized here that no adjustable parameter was used in
the A-W model to fit �h

th�T� to �h
sim�T�. The transition tem-

peratures Tm �defined in this study as the temperature at
which �h

sim=0.5� obtained from the simulations are in good
agreement with those obtained from the A-W model for pro-
teins a1 and b1; however, they deviated slightly for a2 and
b2. Although the transition curves are in good agreement
with each other at lower and higher temperatures, their dif-
ferences are significant at around Tm. The transition curves
�h

th�T� are steeper than �h
sim�T�. In particular, �h

sim�T� for a2
and b2 is considerably more gradual than �h

th�T� for these
proteins; this shows that the transitions proceed through two
phases.

In order to understand the reason why �h
sim�T� and �h

th�T�
differed at around Tm, we examined the types of interaction
energy between the amino acid residues that work in the
simulation. The interaction energies for all the types of con-
tacts were considered in the simulation, whereas the inter-N

and non-NC interactions were not considered in the A-W
model.

Figure 3 also shows the normalized average enthalpy for
all native contacts �total NC� and the four types of native
contacts �intra-N, N-N, N-D, and D-D� in the simulations.
They are defined as follows:

�NC
sim�T� = �ENC��T�/Enative, �intra-N

sim �T� = �	intra-N��T�/Enative,

�N-N
sim �T� = �	N-N��T�/Enative, �N-D

sim �T� = �	N-D��T�/Enative,

�D-D
sim �T� = �	D-D��T�/Enative. �6�

The normalized average enthalpy for the non-NCs
��non-NC

sim �T�� is given by �h
sim�T�−�NC

sim�T�; however, this is not
shown explicitly in Fig. 3. Therefore, the very small differ-
ences between �h

sim�T� and �NC
sim�T� for proteins a1 and b2

suggest very small �non-NC
sim �T� values. This indicates that the

non-NCs in the conformations generated in the simulations
are very rare. In other words, the assumption of the Gō-type
interactions holds true with regard to these proteins. On the
contrary, for proteins a2 and b1, �non-NC

sim �T� is not negligible
for a wide temperature range.

FIG. 3. Equilibrium transition curves �h
th�T� and �h

sim�T� ob-
tained from the A-W model �theory� and the simulations �simula-
tion�, and the normalized average enthalpies �NC

sim�T�, �intra-N
sim �T�,

�N-N
sim �T�, �N-D

sim �T�, and �D-D
sim �T� for all native contacts �total NC� and

for the four types of native contacts, i.e., intra-N, N-N, N-D, and
D-D, respectively, obtained from the simulations for the proteins
a1, a2, b1, and b2 as functions of temperature T. The difference
between �h

sim�T� and �NC
sim�T� indicates the normalized average en-

thalpy for the non-NC ��non-NC
sim �T��.
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As shown in Fig. 3, �intra-N
sim agrees remarkably well with

�h
th above Tm for any protein, whereas �intra-N

sim and �h
th differ

considerably below Tm. These results imply that the intra-N
interaction dominates above Tm. It should also be noted that
�intra-N

sim and �h
th for proteins a2 and b2 are considerably larger

than those for a1 and b1 above Tm. This fact indicates that
some stable small local structures are formed in proteins a2
and b2 above Tm, whereas the chain is essentially in the
random-coil state in a1 and b1.

As the temperature is lowered, �N-N
sim begins to increase

immediately above Tm for any protein. In accordance with
these changes in �N-N

sim , the differences between �intra-N
sim and �h

th

increase. It should be noted that �N-N
sim is much smaller for

protein a1 than for proteins a2, b1, and b2. On the other
hand, �N-D

sim and �D-D
sim are small for any protein. For proteins

a1 and b1, the NCs between residues that are not within the
same local structure increase below Tm; for a2 and b2, such
contacts begin to form above Tm. This is most likely because
some local structures are already formed at higher tempera-
tures. Consequently, these analyses indicate that �N-N

sim is
mainly responsible for the differences between �h

sim�T� and
�h

th�T� below and immediately above Tm.

B. Probability of an amino acid residue being
in the native state

In Fig. 4, the probability pi of an amino acid residue i
being in the native state is plotted against amino acid residue
numbers at several temperatures for both the simulations and
the A-W model for the four proteins. Since �h

sim�T� and �h
th�T�

at the same temperature �at around Tm� differ significantly, as

shown in Fig. 3, their pi profiles also differ if they are com-
pared at the same temperature. However, in this study, we
intend to show that the pi profiles for the simulations and the
A-W model change with temperature. Accordingly, the se-
lected pi profiles are not at the same temperature, but possess
similar features in Fig. 4. �Note: The regression correlation
coefficients between pi for the simulations and the A-W
model at identical temperatures near Tm are 0.41, 0.80, 0.31,
and 0.75 for proteins a1, a2, b1, and b2, respectively.�

The peaks in each profile indicate that at a given tempera-
ture the amino acid residues at the peaks are more likely to
be in the native state than the other amino acid residues. In
general, the locations of the peaks exhibit a good correspon-
dence between the simulations and the A-W model. Closer
agreements between the simulation and the A-W model are
observed for the amino acid residues at the N and C termi-
nals rather than for those in the middle region.

At high temperatures �lines with lower pi values in Fig.
4�, the turns are more likely to be in the native state. The
peaks for a2 and b2 are remarkably higher than those for a1
and b1. This fact indicates that some small local structures,
i.e., turns, are formed in proteins a2 and b2 at such high
temperatures. The differences in pi of these turns originate
from the differences in their amino acid sequences. The fa-
vorable interactions between the residues i−1 and i+2 of
turn i are obviously responsible for their higher pi values �see
Table I�. This is consistent with the fact that �intra-N

sim and �h
th

are larger for a2 and b2 and smaller for a1 and b1 at higher
temperatures, as shown in Fig. 3.

On the other hand, the three extended structures 8-11,
29-32, and 43-46 in b1 and b2 exhibit very low pi values as
compared to 1-4, 5-8, and 9-12 in a1 and a2. While the latter

FIG. 4. Probability pi of an
amino acid residue i being in a na-
tive state obtained from the simu-
lations and the A-W model at sev-
eral temperatures for proteins a1,
a2, b1, and b2. The temperatures
are shown near the corresponding
lines. The turns and extended re-
gions in the native conformations
are indicated by symbols � and -,
respectively �see also Fig. 1�.
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extended structures form a hairpin-type antiparallel � sheet,
the former does not. Since the extended structure is not
stable by itself, these regions in b1 and b2 tend to form other
conformations rather than the extended structure. This makes
the folding of b1 and b2 more complicated than that of a1
and a2.

As temperature decreases, the pi values increase gradually
and uniformly. At medium temperatures, the pi profiles of the
A-W model still show a good agreement with those of the
simulations. However, in the simulations, the larger pi values
in the middle of the chain �e.g., the amino acid residues
17-25 in protein a1, 16-22 in a2, 19-28 in b1, and 11-23 in
b2� indicate the formation of some local structures that are
larger than the turns, whereas in the A-W model, these struc-
tures are still small in a1 and a2 and are localized only at the
turn regions in b1 and b2. The latter fact may be related to
the strong cooperativity �steeper transition curves in Fig. 3�
in the A-W model for any protein.

The pi profile of the simulation for b1 has attracted our
attention. The pi values in region 29-33 �this includes an
extended region in the native conformation� are much
smaller than those in other regions even at low temperatures,
whereas those in regions 22-28 and 34-38 located on either
side of the region 29-33 are larger. This indicates that a non-
native stable structure is formed in region 29-33, and it may
be difficult to adjust to the correct conformation until the
final stage of the folding. In fact, region 29-32 is an extended
structure that does not form a � sheet similar to the three
extended structures 1-4, 5-8, and 9-12 of proteins a1 and a2.

Although the extended structure 29-32 can be stabilized in
the native structure, it is unstable by itself. As a result, there
is a high possibility that a wrong conformation will be
formed. However, it should be noted that such a wrong con-
formation is formed in b1, but not in b2. It should be under-
stood that this difference results from the difference in their
amino acid sequences.

As the temperature is lowered further, every pi value has a
high probability of being in the native state; finally, protein
folding is accomplished over all the regions for any protein.

C. Thermodynamic properties

Figure 5 shows the thermodynamic properties H���,
−TS���, and F��� as functions of the progress variable � at
several temperatures for the simulations and the A-W model
for the four proteins. The enthalpy H��� decreases smoothly
with �, indicating funnel-shaped energy landscapes toward
the native conformation. The shapes of the curves for the
simulations are essentially similar to those of the A-W
model; however, �H��� and −T�S��� of the A-W model are
considerably larger than those of the simulations, where �
indicates the difference between the native and random-coil
states.

In particular, the differences between the F��� curves in
the simulations and the A-W model are considerably smaller
than those between the H��� and −TS��� curves. This is
because the differences in H��� are canceled out by the dif-
ferences in −TS���. Further, H��� and −TS��� change dras-
tically at �
0.7. For any protein, the F��� curves of the
A-W model have a notable peak at �=0.7–0.8. These re-
gions of � correspond to the transition state of the protein
folding and unfolding, thereby indicating the two-state na-
ture of these transitions. These peaks appear because S���
begins to decrease more drastically than H��� toward the
native conformation. In addition, a metastable state exists at
around �=0.6 in the case of b1.

On the other hand, the F��� curves of the simulations do
not have a distinct peak at around �=0.7–0.8. However,
small peaks are observed immediately below �=1.0, and
F��=1.0� is significantly lower than F��� of the peaks. This
is evident in Fig. 6 described below. However, the two-state
nature of these transitions is ambiguous.

D. Free energy landscapes

Figure 6 shows the free energy surfaces F�Q ,C� plotted
against the two characteristics of folding, Q and C, from the
simulations of the four proteins at a temperature correspond-
ing to �h

sim=0.6 �immediately below Tm�. The conformations
on the diagonal region �Q=C� contain only native contacts,
while those in the off-diagonal regions contain both NCs and
non-NCs. The points �F /�C=0 and �F /�Q=0 �local
minima� are indicated with different colors. The line of col-
ored points indicates the most probable equilibrium path of
folding. To a certain extent, we can visualize the folding
process based on these folding paths. However, since a given

TABLE I. Interaction energy between amino acid residues form-
ing a turn.

Residue pair
in contact in a turn
i−1 and i+2 �turn i�a

Interaction energy
between i−1 and i+2

a1 a2

3, 6 �4� −0.26 −0.97

7, 10 �8� −0.45 −0.35

11, 14 �12� −0.23 −0.72

18, 21 �19� −0.17 −0.11

27, 30 �28� −0.38 −0.97

30, 33 �31� −0.16 −0.45

b1 b2

1, 4 �2� −0.35 −0.26

3, 6 �4� −0.38 −0.97

11, 14 �12� −0.20 −0.09

13, 16 �14� 0.38 −0.28

21, 24 �22� −0.34 −0.13

26, 29 �27� −0.38 −0.67

31, 34 �32� −0.27 −0.22

37, 40 �38� −0.25 −0.97

41, 44 �42� −0.38 −0.06

45, 48 �46� 0.38 −0.67

api in Fig. 4 is the probability that residues i−1 to i+2 form the
same structure as the native one.
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point �Q ,C�, as shown in Fig. 6, comprises many conforma-
tions classified according to the two parameters Q and C, it
does not necessarily mean that only one unique pathway ex-
ists for the protein to proceed from the random-coil state to
the native conformation. These paths should be understood
in a statistical sense �2,4�.

The valley bottoms are much deeper in a2 and b1 than in
a1 and are intermediate in b2. These landscapes are consis-
tent with the non-NCs indicated in Fig. 3 for the four pro-
teins. By comparing Fig. 6 with Fig. 3, the contributions of
the non-NCs were observed to be mainly entropic, because
the latter �Fig. 3� indicates that the enthalpy of the non-NCs
minorly contributes to the structural transitions even for pro-
teins a2 and b1.

For proteins a1 and b1, the most probable equilibrium
paths of folding lie in relatively flat regions, whereas for a2
and b2, they lie in the distinct minimum regions. For a2 and
b2, the two paths of local minima cross each other, and their
free energy landscapes are more complex than those of a1
and b1.

IV. DISCUSSION

A. NC and non-NC interactions

Gō �6� pointed out that various energy terms that contrib-
ute toward stabilizing the native state of globular proteins are
consistent with each other in the native state. This is referred
to as the consistency principle. Later, this principle was re-
proposed by Bryngelson and Wolynes �32� as the principle of
minimum frustration with regard to a funnel-shaped energy
landscape �10,11�. The most extreme case satisfying these
principles is the Gō model for the simulation and the A-W
model for the simplified theoretical model presented in this
study, in which only the NC interactions are taken into ac-
count.

In this paper, we study lattice proteins with carefully de-
signed amino acid sequences in order to allow their folding
into unique native conformations. Since any pair of amino
acid residues that are lattice neighbors can interact with each
other, the occurrence of non-NC interactions is inevitable in
the simulations. In such a situation, one of our interests was
to determine the contribution of non-NC interactions to the

FIG. 5. Thermodynamic properties H���, −TS���, and F��� �in dimensionless kBT unit� as functions of the progress variable � �fraction
of the number of amino acid residues in the native state� obtained from the simulations and the A-W model for proteins a1, a2, b1, and b2.
The thin solid, thick solid, and dotted lines are the profiles for T=0.24, 0.22, and 0.21 for a1; T=0.28, 0.26, and 0.22 for a2; and T
=0.21, 0.20, and 0.18 for b1 and b2, respectively.
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folding process. Figure 3 shows that the non-NC interactions
are negligible in proteins a1 and b2 and that although they
occur in proteins a2 and b1, their �enthalpic� contributions
are much smaller than those of the other interactions. In Fig.
6, however, the off-diagonal regions, which correspond to
the conformations containing non-NC interactions, indicate
that these contacts occur to a considerable extent. Therefore,
it may be deduced that the contribution of non-NC interac-
tions to the free energy is mainly entropic rather than enthal-
pic.

Furthermore, in addition to the intra-N interactions, since
various interactions such as the non-NC and inter-N interac-
tions exist between amino acid residues within the random-
coil region and in the different local structures, the confor-
mations in the denatured state may be more enthalpically
favorable in the simulation than in the A-W model. These are
the reasons why �H��� and −T�S��� in the A-W model are
larger than those in the simulations shown in Fig. 5.

B. Intra-N and inter-N interactions

The assumption that the non-NC and inter-N interactions
are negligible or in other words, the assumption that only the

intra-N interactions exist enables the partition function of the
A-W model to be calculated exactly; this is a remarkable
characteristic of this model �20–23,29�. No a priori assump-
tion is made for stabilizing specific local structures such as
the � helix and � strand. Since all the possible local struc-
tures are considered, more stable local structures such as �
helix and � strand are recognized in a statistical mechanical
sense.

However, the A-W model will be unsuccessful in cases
where the non-NC and inter-N interactions are dominant in
many events of the folding process. The diffusion and colli-
sion mechanism by Karplus and Weaver �33� and the
nucleation-condensation mechanism by Fersht �34�, which
involve various interactions such as non-NC and inter-N in-
teractions, appear to contradict the basic assumption made in
the A-W model. We are now concerned with the N-N inter-
actions; this is important from the viewpoint of differences
between the simulation and the A-W model. As shown in Fig.
3, the N-N interaction is not a rare occurrence as indicated by
the large �N-N

sim values below and near Tm for any protein. In
fact, we have obtained better equilibrium transition curves
�h

th�T� for proteins a1 and a2 by modifying the A-W model

FIG. 6. �Color online� Free-energy F�Q ,C� �in dimensionless kBT unit� plotted against the two characteristics of folding Q �fraction of
the number of native contacts� and C �fraction of the number of both native and non-native contacts� obtained from the simulations for
proteins a1, a2, b1, and b2 at the following temperatures that correspond to �h

sim=0.6: T=0.22 for a1, T=0.26 for a2, and T=0.20 for b1 and
b2. For the native conformation, �Q ,C�= �1,1�. The light blue and pink points indicate the local minima �F /�C=0 and �F /�Q=0, respec-
tively. The yellow points show the coincident points of both the local minima. These points indicate the most probable equilibrium paths of
the folding. In the inset boxes, free energies F�Q� are plotted only as a function of Q. The swelling at Q=0.9 may be a lattice artifact due
to the very small number of conformations �2�.
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so as to introduce a part of the N-N interaction energies. The
modified algorithm is so primitive and tentative that it re-
quires a large amount of CPU time and is difficult to apply to
proteins of any size. Therefore, the data are not shown here.

Since the NC interactions are usually favorable in the
simulation, the N-N interactions are likely to form wrong
conformations; this may consequently interfere with the cor-
rect folding. From the viewpoint of polymer physics, it is
considered to be entropically difficult for two amino acid
residues separated by many amino acid residues along the
chain to accidentally make contact with each other unless all
the amino acid residues intervening between the two amino
acid residues form a part of the native conformation. It is
necessary to carefully consider the possibility that such types
of NC interactions may be exaggerated in the lattice protein.
In a more realistic protein model, such types of NC interac-
tions may be extremely rare owing to the much wider con-
formational space; this results in a much smaller contribution
to the folding process. Thus, we expect the assumption that
the NC interactions within the same local structure are domi-
nant in the folding process is rationalized to the first approxi-
mation.

C. Transition temperature and chain entropy

In the A-W model, the chain entropy of the segment con-
sisting of, for example, m amino acid residues is estimated
by explicitly counting possible conformations of the segment
for small m. The excluded volume effect is automatically
taken into account. The good agreement of the transition
temperatures of the A-W model with those of the simulations
arises from this proper estimation of the chain entropy. In
fact, we first used the �n form for the chain entropy of n
residues in the A-W model and tried to adjust the parameter
� in order to fit the two transition curves of the A-W model
and the simulation. However, the transition temperatures of
the two transition curves never approached each other for
any value of �. Therefore, an excluded volume effect is
probably essential for estimating the chain entropy. In addi-
tion, the A-W model is correct at higher temperatures, where
small local structures exist independently from each other.
This fact also contributes to the good agreement of the tran-
sition temperatures.

However, this estimation of the chain entropy is not suf-
ficiently correct. The interactions between amino acid resi-
dues attached to both terminals of the segment are not taken
into account while counting conformations. In other words,
the excluded volume effect of the attached amino acid resi-
dues is not considered; hence, the chain entropy obtained in
this manner is overestimated.

Unfortunately, we cannot draw the free energy surface in
the A-W model corresponding to Fig. 6. In the off-diagonal
regions of this figure, the entropic contribution is dominant;
however, the enthalpic contribution is not negligible in the
simulation, as presented in the Sec. III. On the other hand,
because it is included implicitly in the chain entropy term,
only the entropic contribution to the free energy exists in
these regions in the A-W model.

D. Transition states

The transition state of the protein folding and unfolding is
located at around �=0.7–0.8, as shown by the free energy

F��� as a function of progress variable � for the A-W model
in Fig. 5. Therefore, the conformations in the transition state
are rather close to those of the native state. The entropy and
enthalpy change drastically around the transition state, and
the conformations in the native state and in the denatured
state can be distinctly characterized by these thermodynamic
properties. These facts are obviously characteristic of the
two-state nature of the structural transition of protein. How-
ever, in the case of b1, a metastable state is indicated at
around �=0.5.

On the other hand, the transition state region in the simu-
lations appears to be located very close to the native confor-
mation, as seen in Figs. 5 and 6. However, it is not clear if
the proteins in the simulations exhibit the two-state nature. It
is probably because the proteins considered in this study are
too small to exhibit the two-state nature. If a protein is larger,
it becomes more two-state-like; thus, in case of large-sized
proteins, thermodynamic quantities for the A-W model may
approximate more those for the simulation.

E. Differences in amino acid sequences

In this study, two amino acid sequences that are foldable
into the same native conformation have been examined. The
difference in their amino acid sequences is reflected in the
formations of local structures at high temperatures. Accord-
ing to Fig. 3, the stable local structures, i.e., turns, formed at
high temperatures in a2, are characteristic as compared to
those of a1. The N-N and non-NC interactions at around Tm
are mainly responsible for the differences between a1 and
a2. In other words, the formation of the more stable turns in
a2 induces the N-N and non-NC interactions. Consequently,
protein a2 shows a considerably different folding behavior
than protein a1. For a comparison of the results of the simu-
lations and the A-W model, protein a1 is better described by
the A-W model.

The difference between proteins b1 and b2 is also re-
flected in the formations of local structures at high tempera-
tures. Stable local structures �turns� are formed at high tem-
peratures in b2. This is similar to a2. However, the formation
of the turns in b2 induces the N-N interactions, but not the
non-NC ones. On the other hand, in b1, non-native small
structure formed incorrectly around the residues 29-34 may
possibly interfere with the folding �see simulation of b1 in
Fig. 4�. If this interference is resolved by a proper amino acid
substitution, the folding of protein b1 substituted may be
described better by the A-W model.

Although we have discussed only the equilibrium proper-
ties in this study, the kinetics of protein folding and unfold-
ing can be presumed from the MC simulation data to some
extent. For example, protein a1 was folded more quickly
than a2. This is most likely because the intra-N interaction is
dominant in a1, whereas a considerable amount of N-N in-
teractions occur in a2; the N-N interactions may interfere
with the folding.

The better agreement between the simulation and the
A-W model for a1 rather than a2 can be explained by the fact
that a1 satisfies the consistency principle better than a2; this
is stated from the viewpoint of physics. However, the ques-
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tion of biological importance is whether a1 is more protein-
like than a2. If biological evolution exerts a pressure on a
protein so that it folds rapidly, protein a1 would be more
proteinlike. Further, such a protein will be well described by
the A-W model.

V. CONCLUSION

The NC and non-NC interactions at various folding stages
in the simulations of 3D lattice proteins have been examined
by comparing them with the interactions in the simplified
statistical mechanical model �the A-W model�. In conclusion,
the contribution of the non-NC interactions is small, and the
A-W model �in spite of the simplified statistical mechanical
model� yields equilibrium thermodynamic properties that are
quite similar to those of one of the four proteins considered
�protein a1�. This is because the NC interactions, particularly
the NC interaction within the same local structure �intra-N�,
are dominant in the folding process.

Furthermore, from the detailed comparisons of various
equilibrium thermodynamic quantities obtained from the
simulations with those from the A-W model described in this
study, the degree of agreement between the results from the
two methodologies is observed to be significant. This degree
of agreement is important not only for the assessment of the
A-W model as a simplified statistical mechanical model for
describing a “general lattice polymer” but also for the assess-
ment of the lattice polymer with a given amino acid se-

quence as a “protein” to be folded quickly and smoothly.
Although the MC simulation is a powerful method for the

study of protein folding, it requires a large amount of com-
putation time. On the other hand, by using a statistical me-
chanical model �the A-W model�, we can more rapidly and
systematically calculate various thermodynamic quantities
characterizing folding using the available information on in-
teracting amino acid pairs and their interaction energies in
the native conformation. The number of operations for a pro-
tein of n residues is proportional to n3, and the working
space is proportional to n2. Since the maximum value of n is
usually several hundreds, the CPU time is not crucial for
calculating the partition function and ultimately various ther-
modynamic quantities by using the A-W model.

Using this available information, we have also exhaus-
tively examined the effects of various amino acid substitu-
tions at arbitrary sites on the folding process by using the
A-W model. The results will be published elsewhere.

As compared to general polymers, elucidating the charac-
teristic feature of protein folding is an interesting problem to
be solved. The study presented here will contribute to finding
solutions to these types of questions.
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